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This supplement was written in 2026 and is not part of the thesis defended in August 2023. It
completes the stability argument that the thesis only sketched in Theorem 1, which referred to Rios
et al. [[EEE TIE 2019] for the proof. Equation numbers of the form (T-n) refer to the thesis. The
proofs follow the methodology of Rios et al. (2019) and of the other works cited. Where a Lyapunov
function or a gain condition comes from a reference, it is cited and not re-derived.

1 Scope and corrections

Checking the thesis against the implemented controllers and the model (T-4) turned up the following
errata. The corrected forms are the ones used below.

e (T-8b) should read v, = u,(cos ¢* sin 6* sin ¢y — sin ¢* cos 14). This is the second component
of ge(n)un, and it is consistent with (T-9b).

e (T-8c) should read v, = uy, cos ¢* cos §* — g. This is the third component of g¢(n)u, — G and
it is consistent with (T-9a).

e (T-17) should read s = e + ko[e]?/2. With weights (3,2,1) for (e,e,v), the term [£]3/? has
weight 3, equal to that of e. Any other exponent makes s non-homogeneous. This is also the
form implemented in the firmware.

e (T-14): the implemented STA is s = ¢ + koe, 7 = v — k1[s]/%, & = —ka[5]°, with no —koe
term in 7. Then $ = T + kge, so kge acts as a state-dependent perturbation of the standard
STA. This is treated in Proposition 3, and the result is regional, not global.

2 Model, notation and standing assumptions

[s]7 := |s|7sign(s) and [s]" := sign(s). Classes K, KL and KL7 (the last vanishing in finite time)
and the properties are used as follows: ISS as in Sontag (1989); US and UES as in Khalil (2002);
the finite-time notions UFTS, GUFTS and FT-ISS as in Bhat and Bernstein (2000) and Bernuau
et al. (2014). The agent index i is dropped when no confusion arises. Agent n is the leader and
j=1,...,n—1 are the followers. The graph is a star centred at the leader. Each agent obeys (T-4):

€1 =6, &= ge(m)um — G — Ao +de(2),

. . _ (1)
m =mn2, M2=JT+Zw,(n2) — Ayn2+dy(t),



With 51 = (:I/‘7 y7 Z)? 1’71 = (¢7 07 /170)7 G = (07 07 g)7 um = u/m7 and

cos ¢ sin @ cos Y + sin ¢ sin

ge(m) = | cospsinfsiny —sinpcosy | . (2)
cos ¢ cos 6

Let &1, &2, €5, 71, 72, fis be the states of the FT-SMO (T-5). The offsets Cy, ; are constant. Define
&y = &1n + O, for followers and &g, := &; for the leader. Define 14 := 1, and g, := 4. The
errors are R .

ec =8 — &, e=& &, e;=m—N4, €;)="N2— N4, (3)
with 1y = (¢*,6*,14). For a follower £; = &€5,. The virtual control is we = ge(m)um — G —v.
The references are

U = \JV2 403+ (v: + 9,
¢* = arcsin [u;ll(z/Jt sin g — v, cos wd)]v 4)
0* = arctan[(uz + 9) (v cos g + vy sin ¢d)]
The control (T-10) is
v=u+Aby+€i—8&s, T=J(T—Zwy+ A2+ ia — 9s), (5)

where 7, = kog | eq + k1geq + kogeq for ¢ = x,y, z (T-11), and each companion matrix
q qJ €q a%q a€q Y

0 1 0
A,=(0 0o 1 (6)
kog kig kog

is Hurwitz (T-12). Since the characteristic polynomial of A, is s3 — koys® — kigs — kog, by the
Routh-Hurwitz criterion A, is Hurwitz if and only if Koy, k14, k2g < 0 and kigkaq > —kog, with the
convention e = measurement — reference used here; with the opposite convention e = reference —
measurement, as in the flight firmware, the same gains appear with positive sign. The same holds
for the attitude PID (T-13). The attitude controllers 7;, I = ¢, 6,1, are (a) PID (T-13), (b) STA
(T-14, as implemented), (c) continuous twisting (T-15), (d) STSMC (T-16) and (e) NTSMC (T-17,

corrected).

Assumption Al. Thesis Assumptions 3-4: the desired trajectories are C* and bounded together
with their derivatives up to order four (needed for € and, through (4), for 1iq), and the disturbances
de¢,d;, are uniformly bounded and Lipschitz with known bounds.

Assumption A2. v,+g > 0 along solutions (for instance by saturating v, ), so 6* is well defined and
Um > 0. The angle ¢* is always well defined, because by Cauchy-Schwarz (v, sinig — vy cos hg)? <
(V2 4 v2)(sin® thg + cos? ¥g) < ud,.

Assumption A3. The thrust is bounded: Uy; < u.

Assumption A4. The feed-forward signals €y (for followers, the leader acceleration, transmitted
or estimated) and Mg; are available and bounded.

Assumption A5. Solutions of the closed loop, including the observer and controller states, exist
and remain bounded on [0,Ty] (no finite escape).



Plausibility of A5 (not a proof). On [0,Tp] the cancellation terms in (5) that involve &3, 12 use
the measured states, so the residual forcing consists of disturbances and estimation errors. These
are bounded by Al and Lemma 2. The position loop is € = Jem — G — Agé + d¢, a linear system
driven by a bounded input (A3), so it cannot escape in finite time. In every attitude controller 7
has at most linear growth in (e, e, v), because the fractional powers are sublinear and v is linear or
bounded. A system with linearly bounded right-hand side and bounded forcing has no finite escape.
This is the standard argument of Rios et al. (2019). It is kept as an assumption because (T-5) is
not reproduced here.

Lemma 1 (reference attitude). Under A2, (4) gives ¢* € [—n/2,7/2], 0* € (—7/2,7/2), and
9e(Ma)um — G = v with g = (¢, 0%, ¢a).

Proof. Put a = vycostg + vysinyg, b = v, +g > 0 and ¢ = v, sintg — vy costy, so u?, =
a? +b? + 2. Then sin ¢* = c/u,, and, since cos ¢* > 0, cos ¢* = Va2 + b2 /u,,. Also tan0* = a/b
with cos 6* > 0 gives cos 0* = b/va? + b? and sin 6* = a/va? + b%. Hence u,, cos ¢* cos §* = b and
U €Os ¢* sin 0* = a. From (2), the first component of g¢(ng)um is

Uy COS ™ SIn 0% cos Yy + Uy, Sin @™ sin g = acos g + csing = vy,

and the second is asing — ccosvy = v,. The third equals b = v, + g. O

3 Observer and closed loop for t > Tj

Lemma 2 (FT-SMO, cited). Under Al there exist gains of the third-order observer (T-5), with
injections [-|2/3,[-]1/3 -] chosen from the Lipschitz bounds of dg,d,, such that the estimation
error is UFTS. Hence there is a finite Ty, bounded for bounded initial estimation errors, with él = £,

€y =&, €3 =d¢, T =M1, 2 = Mo, T3 = dy, for t > Ty (T-6).

The observer equations and gains are those of (T-5); they coincide with the FT-SMO of Rios
et al. (2017) and Rios et al. (2019, Theorem 1), where this result is proved (see also Levant, 2003).
It is not repeated here. The error dynamics are driven only by the derivative of the disturbance,
which is bounded by Al.

For t > Ty we have ¢ = &3 — €, and, by the definition of we, geum — G = v + wg. Substituting
(5) into the error dynamics (T-7) gives

éfzeg, é§:17+w5, én:é'n, 8.,7:7_'. (7)

Indeed é¢ = v+ we — Agbo +dg — &g = U + wg + (dg — £3), and é, = 7 + (d, — 73) after the terms
Ew,, Ayn2, Tjg cancel. The last brackets vanish for ¢ > Ty. Note that the (e,,e,) subsystem does
not depend on the position states. This relies on the exact use of 74 in (5) (A4), and it is what
makes the scheme a cascade. Note that ng itself depends on the position states through v; what is
independent of them is the error dynamics of (e, €;), provided that 7, is available (A4).

Lemma 3 (coupling bound). Under A2-A3, we = (ge(m) — ge(Ma))um and ||we| < Lyt ||ey|| with
L, =6.

Proof. By Lemma 1, v = g¢(nq4)um — G, which gives the identity. Every partial derivative of
a component of g¢ is a sum of at most two products of sines and cosines (for example Ogge 1 =
—sin ¢ sinf cos ) 4 cos ¢sinyy and Jgge 1 = cos ¢ cos B cos1p), so its magnitude is at most 2. Hence

10g¢/0mll2 < ||0ge/On|lF < V9 -4 = 6. Since R is convex, ge(m1) —ge(na) fo £ (na+sey) ds ey,
and u,, < @ completes the proof. The constant 6 is conservative. O



4 Position loop

Proposition 1 (ISS w.r.t. e,). Let to > Ty and q € {z,y,2}. With x4 = ([ eq, €q, £4)" and
B =(0,0,1)T, the closed loop (7) gives Xq = AgXxq + Bwg, where wy is the q-th component of we.
There exist k > 1 and A > 0, depending only on Ay, such that fort > tg

“A\(t— Ko _
g (B < e |1xg (1) | + 3 Lot llenllo, (8)
with ||epllec = supp, glleqll- If ey =0 on [t1,00), then ||xq(t)|| < ke~ M|y, (t1)]], i.e. the position
loop 1s exponentially stable once its input e, vanishes.

Proof. From %f eq = €q, g = €q and &g = by + wy = kog[ €q + kigeq + kogeq + wq we get
Xq = AgXq + Bw,. Since A, is Hurwitz, [|ede|| < ke™™ for some x > 1, A > 0 (Khalil, 2002).
Variation of constants gives

t
Xq(t) = eAQ(t_tO)Xq(tO) + / eAQ(t_S)Bwq(S) ds.

to

Since ||B|| = 1, |w,| < |lwe|| < Lgtlle,|| by Lemma 3, and fti e Mt=9)ds < 1/, estimate (8) follows.
If e, = 0 on [t1,00), then wy = 0 there and the first term of the variation-of-constants formula alone
remains. 0

5 Attitude loop

For a vector field F' and weights r = (rq,...,7,,) > 0, homogeneity of degree ¢ means
Fo(\ @y, .0, A" ay,) = NP9 (2)  for all A > 0.

Discontinuous systems are understood in the sense of Filippov, with [s]? replaced by the set-valued
sign. Two facts from Bernuau et al. (2014) are used. (H1) A homogeneous system of negative degree
that is globally asymptotically stable is GUFTS. (H2) For & = F(x,w) homogeneous of degree ¢
with weights r for z and 7 for w, global asymptotic stability at w = 0 and min7 > 0 imply ISS,
and if moreover ¢ < 0 the system is FT-ISS.

Write e, e, 7 for one channel [, and v for the state of the controller. For ¢ > T the channel
satisfies € = ¢, € = 7 by (7).

Proposition 2 (attitude loop, controllers a, ¢, d, €). Let tg > Ty and assume the gains satisfy the
conditions of the cited references.

0) PID: with x = (f ¢,e,¢), X = Ax and |x(B)]| < e ) |x(to)]| (GUES).
¢) TC: z = (e,e,v) = 0 is GUFTS, with settling time T < 5V (x0)"/° /Ky .

d) STSMC: x = 0 is GUFTS, with settling time T < 4V (20)/*/ry .

e) NTSMC: x =0 is GUFTS.

f) For c—e, with ¢ = T + p(t) and p measurable and essentially bounded, the system is FT-ISS
w.r.t. p.



Proof. a) x = Ax with A Hurwitz (T-13), so |[x(t)|| = |le**)x(to)|| < re ME=t0)||x(to)]| for all

X (to)-
¢) The closed loop is

e=¢, é=v—kole]?—ki[e]V?, e —kysign(e)— kssign(e).

Take weights (3,2,1) for (e,e,v) and degree ¢ = —1. Then é = ¢ scales as A2 = A\3%9, and in ¢ the
terms v, [e]'/3) [¢]1/? scale as A1 = X\?t9. The sign terms in ¥ scale as A\’ = \1+%. So the system
is homogeneous of degree —1. For gains satisfying the conditions of Torres-Gonzalez et al. (2017),
see also Rios et al. (2019), a positive definite, radially unbounded Lyapunov function

V = Bile|?® + Baes + B3le|?/? + Baelv)? — Bsev® + Bolvl®, B >0,

homogeneous of degree 5, is constructed there with V < —ky VA5 along solutions. This gives
GUFTS. Moreover %V1/5 = %V_4/5V < —ky /5 while V' > 0, so V vanishes no later than 7" <
5V($0)1/5/Iiv.

d) In the coordinates x = (e, &, v) with s = & + kg[e]?/? the closed loop is

é=¢, é=uv—ki[s|"? 0 e —kysign(s).

The variable s has weight 2, since & has weight 2 and [e]?/® has weight 3 - 2 = 2. Hence [s] 1/2 has
weight 1 = 2 4 ¢ and the sign term has weight 0 = 1 4 ¢. The system is homogeneous of degree —1
with weights (3,2, 1). The closed loop in (e, e,v) is discontinuous, because of the term sign(s), and
is understood in the sense of Filippov; it contains no singular terms, since only [e| 2/3 appears and
not its derivative. The Lyapunov function below is continuous but not differentiable on {e = 0};
its decrease is established in the cited works with non-smooth analysis. For gains satisfying the
conditions of Fridman et al. (2015), see also Rios et al. (2019), the quadratic form V = ¢ P¢ with
P=PT >0and ¢ = ([e]?3,s,[v]?), whose entries all have weight 2, so V' has degree 4, satisfies
V < —ky V34 Asin c), this gives GUFTS and T < 4V (¢)Y/*/ky.
e) With the corrected (T-17), s = e + ko[<]3/2, the closed loop is

ée=¢, é=v—ki[s|"/?, © e —kosign(s).

For weights (3,2, 1) the term [¢] 3/2 has weight 2-% = 3, equal to the weight of e, so s is homogeneous
of weight 3. Then [s] 1/3 has weight 1 = 2 + ¢, é = ¢ has weight 2 = 3 4 ¢, and the sign term
has weight 0 = 1 4+ ¢q. The system is homogeneous of degree —1. This is exactly the continuous
terminal sliding-mode controller of Kamal et al. (2016), u = —kiL?>/3[¢r|Y? + 2, 2 = —kaL[ ¢y |°
with ¢7 = x1+aL~1/?[25]3/2. For gains satisfying their conditions, Kamal et al. (2016, Theorem 1)
construct a continuously differentiable, homogeneous and strict Lyapunov function, which proves
GUFTS. The function is not reproduced here.

f) The perturbation p enters the e-equation, whose weighted scaling is A>t9 = A!. Assigning p
the weight 7 = 1, the perturbed system F'(z, p) is homogeneous of degree —1 in the sense of (H2).
Since min7 =1 > 0, ¢ < 0, and the unperturbed system is GAS by c)—e), (H2) gives FT-ISS: there
exist § € KLr and v € K with [lz(t)[| < B([|z(to)l, £ — o) +v([lplloo)- O

Remark 1. In ¢)-f), a bounded compensation residual, for example p = d,, —n3 on [0, Ty] (bounded
on [0, Tp] by A5), leaves the attitude state bounded by v(]|p||s) plus a decaying term. Perturbations
that enter through the v-channel have weight 0 and are not covered by (H2). They are handled in
the cited works through gain conditions for Lipschitz perturbations, which are not restated here.



Proposition 3 (STA as implemented). Take controller b): s = € + koe, T = v — ki[s]Y/?, v =

—ko [SJO, with ko, k1,ko > 0. Let v := v+ koe. Fort > Ty,
$=—ki[s]V?+0, 0= —ko[s]®+koT.

Let K C R3? be compact and let o := ko max (. . )k [V — ki[e +koe] 12| Suppose k1, ko satisfy the
gain conditions of the super-twisting algorithm for a Lipschitz perturbation with constant ox, for
instance ki = 1.5\/ox and ko = 1.1px (Seeber and Horn, 2017), which is the setting of Table 1 of
the thesis with ¢ = px. Then every solution that stays in K fort > Ty (this is assumed: a positively
invariant set K is not constructed here) reaches s = v = 0 in finite time Ts, and afterwards
(e,e,v) — 0 exponentially.

Proof. From é = ¢ and é = 7 we get § = 7+ koe = —k1[s|/?+v+koe, and § = o+ koé = —ka[s|* +
koT. Set §(t) := koT(t) along the solution. Since the solution stays in K, |6(t)| < gx. The pair (s, ?)
is therefore a super-twisting algorithm whose second equation carries a measurable perturbation
bounded by o (equivalently, the perturbation p = koe in the first equation, whose derivative p = §
is bounded by ox). The cited gain conditions are sufficient for finite-time convergence of (s,v) to
0 for every such perturbation. This gives Ts < oo with s = v = 0 for t > Ts. There, v = —kge and

7=v—k1[0]Y% = —koe, so ¢ = —kpe. Also s = 0 gives € = —kge and hence é = —kge. Therefore
e,e,v decay as e *0(=Ts)  The sliding dynamics are UES, and |ko7| = k3|z| decreases, so the bound
by ok remains valid. O

Remark 2. Proposition 3 is a regional (semi-global) result, and it is conditional on the solution
staying in K. The gains must be raised with the size of K through gpx. Adding the missing term,
7 =v—ki[s]Y? — ke, gives $ = —k1[s|/? 4 v and © = —ko[s|°. This is the standard unperturbed
STA, which is globally finite-time stable for ki, ks > 0 (Moreno and Osorio, 2012). Then s = 0
gives é = —kge, and the result becomes global. The thesis (T-14) as implemented lacks this term.

6 Main result

Theorem 1 (restated and corrected). Under A1-A5, with the controls (T-9)-(T-11), (4), (5) and
any attitude controller a)—e), with gains satisfying the conditions of Propositions 1-3 and of the
references cited there (for b) also under the hypothesis of Proposition 3 that solutions remain in K ),
the errors (eg, E¢, €y, ey) of every agent converge to zero. The position errors converge exponentially.
The attitude errors converge in finite time for c—e and exponentially for a, b. Consequently the
followers reach the pattern &1; — &1, = Cpj and the leader tracks &q.

Proof. (i) Exact compensation. By Lemma 2, for t > Tg the loop is (7). By A5 the state at Tp is
finite. The attitude subsystem (e,,e,) does not depend on the position states (Section 3).

(ii) Cascade. For c—e, Proposition 2 gives a finite T > Tp, depending on the state at Tp,
with e, = €, = 0 for t > 7. By Lemma 3, w¢ = 0 on [T71,00). By (8), x4(71) is bounded,
so |Ixg()|| < ke =T |x,(T1)| (UES). For a, b, there are ¢, > 0 with [le,(t)|| < ce #(=T0)
(Proposition 2a), and for b Proposition 3, where the finite-time phase before T only adds a bounded
transient). Inserting this in the variation-of-constants formula of Proposition 1,

t
Ixa(Il < e X0 g (To) || + wLgic / et s,
To
and [ e MNT=9)e13ds < e MNAMT < () TLem (NN =OT for any § € (0, min(\, 1)). Hence
Xq — 0 exponentially. The same conclusion follows from the cascade lemma for ISS systems (Khalil,
2002, Lemma 4.7). So e¢,e¢ — 0 for each agent, and &, — 0 is part of the attitude result.



(iii) Formation. For a follower j, e¢; = &§1; — &1n — Cpnj — 0 gives the geometric pattern, and
for the leader eg, — 0 gives &1, — &4. In the star graph each follower depends only on the leader,
through the bounded signals &1,,, &2n, én, ¥, (A4), and the leader does not depend on any follower.
With the exact feed-forward (5) the error system of each agent is the one analysed in Propositions 1—
3, which does not contain the states of other agents. There are therefore no interconnection loops,
and the convergence of the whole formation follows agent by agent. O

7 What is not proven

The following are outside this analysis: the discrete-time implementation, communication delays
and packet loss (Crazyradio), actuator saturation beyond A3 (including the effect of saturating v,
on the linear position analysis), and the approximation of 7j;. For the last, only ISS-type ultimate
bounds follow from Proposition 2f) when the residual is bounded. A4 assumes the boundedness of
the signals 134 along the closed loop, and this is not proven. The gain conditions for c—e are taken
from the cited works and are not checked for the gains used in the experiments.
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