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Abstract—In this paper, two bearing filters on the tangent
space of S are proposed for multi-UAV formation control.
In multi-agent systems, bearing values obtained usually from
raw ArUco/PnP bearing measurements suffer from pixel-level
discontinuities, range-dependent noise, and unusable numerical
derivatives. To overcome these limitations, we propose in this
paper two filters that operate in the local Euclidean tangent
plane, recovering a unit-norm estimate via retraction, and jointly
estimating bearing, rate, and acceleration without numerical dif-
ferentiation. The first proposed filter is a tangent-space Kalman
filter, and the second one is an H., filter with a minimax
energy attenuation bound, providing formal robustness guar-
antees against any finite-energy disturbance without requiring
Gaussian noise assumptions. A distance-dependent noise model
and Mahalanobis distance gate (statistical outlier rejection test)
handle detection outliers. Gazebo-ROS simulations on Crazyflie
nano-quadrotor models show that both filters achieve low mean
geodesic error while preserving unit-norm consistency. The H,
filter further reduces bearing-rate RMSE relative to the Kalman
filter.

Index Terms—Bearing estimation, Kalman filter, H., filter,
tangent space, unit sphere S?, multi-UAV, formation control,
ArUco markers.

I. INTRODUCTION

Bearing-only formation control has attracted significant
research attention in recent years, particularly within multi-
agent systems. In these frameworks, each agent measures the
unit direction vector (bearing) toward its neighbors, which
is then used to achieve a desired formation. However, many
foundational works idealize the sensing process and do not
address practical issues that arise when bearings are obtained
from vision-based systems [1].

A bearing vector is a unit vector constrained to S? C R?
(following the notation of [1]). Because a bearing captures
only the direction between agents and not full orientation, it
lives on S? rather than in SO(3). When fiducial markers such
as ArUco [2] are used as visual targets, the Perspective-n-
Point (PnP) algorithm recovers the relative pose from pixel
corner detections, yielding a raw bearing measurement. In
practice, raw ArUco/PnP bearing measurements suffer from
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three compounding problems detailed in Section II-C: pixel-
level discontinuities, range-dependent stochastic noise [3], and
unusable numerical derivatives.

Research on state estimation has evolved considerably.
Hertzberg et al. [4] established a boxplus/boxminus frame-
work for manifold-compatible fusion; Kotaru and Sreenath [5]
developed a variation-based EKF directly on S?; and Baran
and Bergmann [6] unified Lie-group and Riemannian Kalman
filters under a single affine-connection framework. For bear-
ing estimation specifically, Serrano et al. [7] proposed an
equivariant observer on S? assuming known agent velocities;
Ramirez-Parada et al. [8] demonstrated vision-based bearing-
only formation on real quadrotors; and Zheng et al. [9] op-
timized spatial-temporal triangulation for cooperative motion
estimation. On robustness, Aslam and Haydar [10] derived
a nonlinear H, filter on SO(3), and Choukroun et al. [11]
extended H,, to quaternion attitude estimation. Unlike these
works, the filters proposed here require no agent velocity as
input measurement, and model PnP noise with a distance-
dependent covariance that grows linearly with inter-agent
range.

A common alternative is to apply a Kalman filter directly to
the three Cartesian components of g,; € R? and renormalize
after each update; however, this is geometrically inconsistent:
renormalization does not commute with the Kalman update,
so the covariance P no longer represents true estimation
uncertainty [4]. The proposed tangent-space formulation re-
solves both the manifold constraint and the derivative problem
without the overhead of full geometric integration. Despite
these advances, no existing approach simultaneously handles
the S? manifold constraint, provides formal robustness against
non-Gaussian disturbances, and estimates bearing rate without
agent velocity input.

Addressing these gaps, the main contributions of this paper
are: (i) a proposed tangent-space Kalman Filter (KF) on
S? with a 6-state constant-angular-acceleration model that
jointly estimates bearing, rate, and acceleration; (ii) a pro-
posed tangent-space H,, filter on S? with minimax robust-
ness against non-Gaussian disturbances; and (iii) a distance-
dependent noise model, Mahalanobis outlier gate, and retrac-
tion step that maintain unit-norm consistency, validated in
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Fig. 1. Body and camera coordinate frames of the Crazyflie platform (left);
seven-agent formation in Gazebo under the Ho filter (right).

Gazebo-ROS on eight directed formation pairs of Crazyflie
nano-quadrotors.

This paper is organized as follows: Section II presents
the bearing representation and the ArUco-based measurement
process. In Section III, the tangent-space Kalman filter is
described, and Section IV develops the H., filter. Section V
details the enhancement steps shared by both filters. The sim-
ulation results are detailed in Section VI. Finally, Section VII
presents the conclusions.

II. PRELIMINARIES

A. Bearing Vector on S?

The bearing from agent 7 to agent j, with positions p;, p; €

3 . . . . _
R?, is the unit direction vector g;; = (p; —pi)/ [P; — Pill €
S2?, where S?2 C R3 is a smooth two-dimensional manifold but
not a vector space [4].
B. ArUco-Based Bearing Measurement

In this setting, each agent carries an ArUco marker. The
on-board camera detects the four pixel corners {(u;,v;)}i 1,
and the IPPE variant of solvePnP [12] solves:

)\i V; :K[R|t](i>, iZl,...,4, (D
1

where K € R®*3 is the camera calibration matrix, \; > 0 is

the projective depth of corner ¢, R € SO(3) is the rotation

matrix from the marker frame to the camera frame, and t £

Pj|c € R3 is the position of marker j in the camera frame.
The fixed camera-to-robot rotation

0 0 1
Rey,=1|-1 0 0 ()
0 -1 0

is the extrinsic calibration for the forward-facing camera
mounted on the Crazyflie platform, aligning the optical z-axis
with the robot’s forward z-axis. It gives the position in the
robot frame p;j, = Rc; pj|c, and the raw measured bearing
is zij = pjir/ ||pjir|| €S

Fig. 1 illustrates the extrinsic calibration (2): the left panel
shows the camera view of agent 2 with the camera-frame axes
at the focal point, and the right panel shows the Crazyflie
body frame, with the optical z-axis aligned to the robot’s

Fig. 2. (Left) Bearing z;; on S? and tangent plane Tz S2. (Right) Tangent-
plane components (d1,02) at the reference bearing z;; € S2.

forward x-axis. Each agent is labeled CF N, where N is its
ArUco tag identifier; the yellow circle denotes the 20 bearing
uncertainty produced by an estimator (Section III) projected
onto the image plane via the pinhole model r = f, tan(20).

C. Limitations of the Raw Measurement

The raw z;; is unsuitable for bearing-only controllers due to
pixel-level discontinuities, distance-growing stochastic noise
(modeled as r(d) = ro + 1 Hpj‘r , see Section III), and
a numerical derivative with excessive variance that renders
it unreliable for direct use in a controller. Applying a KF
to the Cartesian components and renormalizing after each
update is geometrically inconsistent: renormalization does not
commute with the Kalman update [4]. The tangent-space
formulation resolves both the manifold constraint and the
derivative problem.

III. TANGENT SPACE KALMAN FILTER DESIGN

A. Tangent Plane and Orthonormal Basis

At any reference bearing z;; € S?, the tangent space
T, S? is the two-dimensional plane orthogonal to z;;. A pair
of orthonormal tangent vectors {ti,t2} spanning T, S? is
constructed as follows. Choose a vector not parallel to z;;,
e.g. e, = (1,0,0)7 if |2;;,| < 0.9, otherwise e, = (0,1,0)".
Then:

Zij X €
ti=—— 3)
Pz xel

Zij X t1
tg = ————. 4)
BREEC

The triplet {2;;,t1,t2} forms an orthonormal frame of R?;
Fig. 2 illustrates the sphere geometry (left) and the tangent-
plane displacement components (d1,d2) (right).

B. State Vector

For each pair of agents (¢, j), the filter F;_,; maintains the
state x = (51, da, Wy, wa, a1, ag)T € RS, where (61,02) is
the angular displacement in the tangent plane [rad], (wy,w2)
is the angular velocity [rad/s], and (ai,«s) is the angular
acceleration [rad/s?].



C. Process Model

A constant angular-acceleration (CAA) model is adopted.
This choice is preferred over a constant-velocity model for two
reasons: (i) in formation flight, bearing changes are smooth
and the additional degree of freedom improves tracking of non-
trivial trajectories; (ii) the acceleration state (a1, c2) can serve
as a feedforward signal for bearing-only controllers without
requiring numerical differentiation. For each tangent axis ¢ €

{1,2}:

5@(t+At) = 5@ + WZAt + %QEAtQ + wga (5)
we(t+At) = wp + apAt + wy (6)
ag(t+AL) = ap + wy'. @)

The noise for axis £ is (wf,w?, w$) " ~ N(0,Q;(At)). The
full process noise wy = (w),wy, w§, wy, wy, ws)" € RO
has covariance Q(At) = ¢diag(Qi(At), Q1(At)), where
¢ [rad?/s?] is the acceleration noise intensity.

The block-diagonal state transition matrix is:

A(AY) = diag(A; (Al), Ay (AL),

A2

LAt S (8)
Aan=[o0 1 At
0 0 1

The constant-acceleration shaping matrix [13] is:

At A A
43 2 2

Qi(At) = |85 A2 At 9)
AR A1

D. Measurement Model

The raw measurement z, € S? is projected onto the
T
current tangent plane as zun = (2 t1, 2] t2) € R? The
observation matrix selects the displacement components:

H=[I5|0z,4] € R**C. (10)

The measurement noise covariance is distance-dependent,
reflecting the degradation of PnP accuracy with range [3]:

R(d) =r(d)Iy,  r(d)=ro+r ||pj.|, (D

with ¢ and r; tuned via Bayesian optimization on recorded
flight data.

E. Kalman Filter Cycle

At k =0, gy = zo and xq)9 = Og; Pgo is diagonal with
entries scaled to \/q; both filters share this initialization.
At each time step t;, with measurement zj, (hereafter A £

A(At) and Q = Q(At) for brevity):

1) Prediction:
(12)
(13)

Xk|k—1 = Akaukfh
Pip-1=AP,_1p1 AT +Q.

2) Innovation: The innovation in tangent coordinates is:

Yk = Ztan — HXpp_1, (14)

with innovation covariance S, = HPk‘k,lHT + Ry. Out-
lier rejection via a Mahalanobis distance gate is detailed in
Section V.

3) State Correction:

Kj, =Py H' S, (15)
Xplk = Xpjh—1 T Kg Y, (16)

Py =1 — KiH) Py (Is — K:H) ' + KRy K],
(17)

where (17) is the Joseph form, preserving symmetry and pos-
itive semi-definiteness of P under finite-precision arithmetic.

After each update, the retraction and tangent-plane recen-
tering of Section V is applied, restoring the filter reference to
the corrected bearing on S2.

F. Bearing Derivative Estimate

The geometric constraint gjjgij = 0 is satisfied by con-
struction. From the filter state:

9= (Is = 9;9) (w1 t1 + wa t2), (18)

where the projector is included for numerical robustness (in

exact arithmetic wit; +wato already lies in TQSQ). This avoids
numerical differentiation.

1V. H., BEARING FILTER ON S?

The tangent-space KF of Section III is optimal under
Gaussian noise. In practice, nano-quadrotor platforms are
subject to propeller vibrations and aerodynamic gusts; outlier
measurements might appear that violate this assumption. The
H, filter addresses this with a minimax criterion: instead of
minimizing expected squared error, it bounds the worst-case
energy ratio between estimation error and disturbance to a
prescribed level 42 [14], [15]. Unlike the equivariant observer
of [7] used for bearing estimation, it does not require agent
velocity as a measured input and provides formal robustness
guarantees against non-Gaussian finite-energy disturbances.

A. Minimax Robustness Criterion

Let wy, € RS be the process noise vector defined in (5)—(7),
and e, = x; — X, be the estimation error. The H, criterion
requires:

N T
> k=0 ©x Lex 2

sup <7, (19)

N
w0 3 o Wil
where v > 0 is the prescribed attenuation level and L > 0 is
the performance output matrix (detailed in (21)). No statistical
characterization of w is required; the bound holds for any

finite-energy disturbance. As v — oo, the H, filter converges
to the Kalman filter (Section IV-C) [15].



B. Modified Riccati Equation
Given Py ;,_; from (13), define:

1
M, = P,;‘}H ~ 2 L+H'R,'H, (20)
where H and Ry are as in (10) and (11). The performance

output matrix is diagonal with tunable weights:

L = diag(él;? 657 gu.” éwa €a7 €Q)7 (21)

penalizing position, velocity, and acceleration errors indepen-
dently. The term —v 2L is the adversarial correction: it
makes Psz more conservative than the Kalman posterior,
which provides the robustness guarantee (19). The updated
covariance and gain matrices are given by:

oo —1
k|k _Mk )

K =P H' R

(22)
(23)

C. Existence Condition and KF Equivalence

The H, solution exists if and only if My > 0. In our im-
plementation, this is verified by checking Amin(Mj}) > 1076;
if violated, the Kalman gain (15) is used as fallback. This
fallback was never triggered for v > 1.5 in any reported
experiment.

KF equivalence follows directly from (20): as v~ — 0,
My — P;l}ﬁ_l + HTRlle, and the matrix inversion lemma

2

applied to M;l recovers the standard Kalman posterior co-
variance and gain.

D. H., Filter Cycle

The prediction (12)—(13) and the innovation (14) are as in
Section III; the Mahalanobis gate and retraction are the shared
steps of Section V. Only the correction equations change:

P=PHH R (24)
Xilk = Xilk—1 + K§~ Yk, (25)

followed by the retraction-recentering (Section V) and bearing
derivative (18), both unchanged.

E. Parameter Optimization

The five parameters (v, q,70,71,%w/ls,%a/ls) are jointly
optimized via Bayesian search [16] on the same ROS 2/Gazebo
dataset described in Section VI. The dataset spans 50s at
15Hz over 0.4-0.9m inter-agent distances. The objective
minimizes the mean angular error € = + 3", arccos(g, g¢'7),
excluding the first 5s warm-up. Search bounds: v € [1.5,5.0],
q € [107%,1], ro,71 € [107%,0.1], £, /¢s,¢/ls € [0.01,1].
The optimal v* ~ 4.6024 indicates robust-mode operation,
consistent with the non-Gaussian nano-quadrotor environment;
re-optimizing over a widened range vy € [1.5,10.0] yields
v* ~ 4.62, confirming that the optimum is interior rather than
boundary-constrained. Table I lists all optimized parameters.

V. ENHANCEMENT STEPS

Both the KF (Section III) and the H., filter (Section 1V)
incorporate the following two steps after each measurement
update.

TABLE I

FILTER PARAMETERS.
Symbol  Description KF H
q Process noise [rad?/s%] 0.02120 0.1986
o Noise base [rad?] 0.001122 0.001122
1 Noise scale [rad?/m] 3.7768¢ — 05  3.7768e — 05
o Attenuation level — 4.6024
ls Position weight — 1.6759
Lo Velocity weight — 0.2025
la Acceleration weight — 0.5953

A. Mahalanobis Outlier Gate

At each step, the Mahalanobis distance of the innovation
Yk (14) is computed:

6.0 nupa <8
Aot = \JYTSE Ve > Ygate = e
M YeOr Yk Tgate 3.5 otherwise,

where n,pq is the count of accepted measurements so far. If
drr > Yeate, the measurement is discarded and the state is
propagated without update (Xgjx = Xgjk—1, Prix = Prjr—1);
otherwise the correction step proceeds and nyupq is incre-
mented. During warm-up (nypq < 8), the prior covariance
P} |1 has not yet contracted from its initial value, making Sy
unreliable; the loose threshold 6.0 prevents premature rejection
of measurements needed for convergence. The steady-state
value Ygate = 3.5 corresponds to the 99.78% percentile of
X3 (P(dyr<3.5) =1 — e 6125 5 0.9978).

(26)

B. Retraction and Tangent-Plane Recentering

After correction, the non-zero displacement (91, d2) intro-
duces a linearization error. The retraction step recenters the
tangent plane at the corrected bearing.

Step 1 — Recover bearing in R3:

o = Zij + 01t + 2t cs?

|zij + 01 t1 + 02 ta|
The division by the norm provides explicit renormalization,
guaranteeing ||znew| = 1 exactly at every step. This ex-
pression is a first-order approximation of the Riemannian
exponential map on S?; the deviation from the exact map

27)

is O(||v||*), where v = &t + dyto, for small tangent
corrections.
Step 2 — Lift velocity and acceleration to R3: w =

wit] + woty and v = a1t1 + asts.
Step 3 — Update reference and rebuild basis: Set z;; <
Znew, recompute {t/, t5} via (3)—(4), and re-express the state:

81 =8y =0, Tt (28)

T/
(2l ti'

! __ I
w; =w o = o

After recentering, the filter always operates near the tangent-
plane origin, keeping the linear approximation valid.
VI. SIMULATION RESULTS
A. Setup

Both filters were evaluated on a ROS 2/Gazebo simulation
with Crazyflie 2.1 nano-quadrotors, equipped with a forward-
facing camera (320 x 240 px, FOV), = 66°, f,=f,~246.4 px)
and ArUco markers of side L = 0.045m. The seven-
agent swarm is split into three leaders (CF1, CF4, CF7)
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Fig. 3. Bearing components: raw ArUco, ground truth, KF and H estimates
(CF2—CF7).

and four followers (CF2, CF3, CF5, CF6), forming eight
directed bearing pairs. Each leader agent executes a sinusoidal
trajectory (amplitude 0.5m, 0.02Hz) at 0.05 m/s; inter-agent
distances range from approximately 0.4 to 0.9 m during the
run. Throughout the run, Gazebo injects stochastic wind gusts
on each vehicle, a non-Gaussian, finite-energy disturbance
matching the H., design assumption (Section IV). Bearing
measurements are generated at 15Hz to match the camera
frame rate of the physical platform. The comparison between
KF and H, was performed offline: raw bearing measurements
were logged during the Gazebo run and both filters were
applied independently to the same recorded data.

Since the ArUco marker is offset from the vehicle’s center
of mass, the CoM-based ground truth and the PnP-measured
bearing differ geometrically; this offset is estimated from the
first sample and subtracted so that e, = arccos(gggST’OH)
reflects estimation accuracy and avoids a systematic bias of
~0.09 rad.

B. Results

Figures 3 and 4 show the bearing components and bearing-
rate estimates for the CF2—CF7 pair. Both filters track the
ground truth closely with comparable performance; in the
bearing-rate estimates, the H., filter generates a slightly
smoother signal relative to the KF, consistent with its minimax
energy attenuation design.

Table II reports steady-state metrics for the four directed
pairs targeting CF7 (the common leader observed by CF2,
CF3, CF5, CF6), where RMSE, uses marker-offset-corrected
ground truth and A is the RMSE, improvement of H, over
KF.

Across all pairs, RMSE, remains below 0.039 rad for both
filters despite the non-Gaussian wind-gust disturbances in-

FD ArUco — GT Gazebo — KF - = Hy |
:

0.2
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0.2+ 0 1
.35 35.5 36
0 10 20 30 40 50

Fig. 4. Bearing-rate: finite differences, ground truth, KF and H. estimates
(CF2—CF7).

TABLE II
ESTIMATOR PERFORMANCE, FOUR PAIRS TARGETING CF7 (t Z 5 S,
N =2426).

Pair Estimator ~RMSE, [rad] RMSEq [rad/s] A [%]
KE 0.0382 0.0419
CF2CF7 Soas 50370 1.7
KF 0.0330 0.0472
CR3—CFT g 0.0378 0.0407 13.7
KE 0.0365 0.0416
CF5—CF7 S oa0y 50346 17.0
KF 0.0363 0.0431
CF6—CFT  py 0.0361 0.0362 16.1

jected throughout the run. The KF and H, reach comparable
RMSE. (A < 0.3%); however, H,, reduces RMSE,; by
12-17% under these same disturbances, reflecting the tighter
minimax energy bound on the velocity state. The steady-
state tr(P) of the H., filter (=5.77) is larger than the KF
(=~0.69), reflecting the minimax design’s deliberate retention
of uncertainty to guarantee worst-case robustness. Figures 5
and 6 show the time-evolution of the geodesic and bearing-
rate errors for all four pairs.

These results were obtained under the non-Gaussian wind-
gust disturbances of Section VI, not a Gaussian benchmark;
the minimax criterion provides formal worst-case guarantees
that the KF cannot offer, which explains the observed H,
advantage under this adverse, finite-energy disturbance. ArUco
marker detection losses caused by limited camera resolu-
tion, poor lighting, and unfavorable viewing angles introduce
additional non-Gaussian, intermittent measurement noise, an
effect expected to be even more pronounced under real flight
conditions.

Closed-loop Gazebo trials confirm these trends: H, reduces
RMSE, by 12-18% relative to KF across all eight directed
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Fig. 5. Geodesic bearing error ey, for the four pairs targeting CF7.

CF2—CF7

(| Gexe |

(| Ger

(| Gexe |

Nl Ger: I

0 10 20 30 40 50
Time |s]

Fig. 6. Bearing-rate error ||g; — ngTH for the four pairs targeting CF7.

pairs, with comparable geodesic error. Both filters provided
estimates suitable to drive a formation controller without
divergence (Fig. 1). A video demonstration is available at
https://youtu.be/dzzxMoOREIw.

VII. CONCLUSIONS

Two bearing filters on the tangent space of S? were proposed
for multi-UAV formation control. Both filters apply linear
filtering in the local Euclidean tangent plane, recover a unit-
norm estimate via retraction, and jointly estimate bearing, rate,

and acceleration without numerical differentiation, avoiding
full Lie-group overhead. The H, filter additionally provides
formal robustness guarantees against any finite-energy dis-
turbance without requiring knowledge of noise statistics —
desirable for nano-quadrotor platforms subject to aerodynamic
disturbances. Gazebo-ROS simulations under non-Gaussian
wind-gust disturbances show that the H., filter attains the
best overall bearing and bearing-rate accuracy, confirming its
practical advantage over the Kalman filter; both estimators
nonetheless provide suitable bearing information for a forma-
tion controller to keep a desired geometric pattern. Future work
includes real-flight validation on physical Crazyflie platforms
and integration with robust formation control strategies under
real sensor and actuation conditions.
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